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Abstract. The aim of this survey is to discuss invariants of Cohen-Macaulay local rings that
admit a canonical module. Attached to each such ring R with a canonical ideal C, there are
integers–the type of R, the reduction number of C–that provide valuable metrics to express
the deviation of R from being a Gorenstein ring. We enlarge this list with other integers–the
roots of R and several canonical degrees. The latter are multiplicity based functions of the
Rees algebra of C. We give a uniform presentation of three degrees arising from common
roots. Finally we experiment with ways to extend one of these degrees to rings where C is not
necessarily an ideal.
Key Words and Phrases: Anti-canonical degree, bi-canonical degree, canonical degree, Cohen-
Macaulay type, analytic spread, roots, reduction number.
1. Introduction
Let (R,m) be a Cohen-Macaulay local ring of dimension d that has a canonical ideal C.
Our central viewpoint is to look at the properties of C as a way to refine our understanding
of R. In [18] several metrics are treated aimed at measuring the deviation from R being
Gorenstein, that is when C ≃ R. Here we explore another pathway but still with the same
overall goal. Unlike [18] the approach here is arguably more suited for computation in classes
of algebras such as Rees algebras and monomial subrings. First however we outline the general
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underpin of these developments. The organizing principle to set up a canonical degree is to
recast numerically criteria for a Cohen-Macaulay ring to be Gorenstein.
We shall now describe how this paper is organized. For a Cohen-Macaulay local ring (R,m)
of dimension d with a canonical ideal C, we are going to attach a non-negative integer c(R)
whose value reflects divisorial properties of C and provide for a stratification of the class of
Cohen-Macaulay rings. We have noted two such functions in the current literature ([25], [18])
and here we will build a third degree.
In Section 2 we recall from the literature the needed blocks to put together the degrees.
Section 3 quickly assembles three degrees and begins the comparison of its properties. These
assemblages turn out to provide effective symbolic calculation [we used Macaulay2 ([23]) in
our experiments] but turn out useful for theoretical calculations in special classes of rings. The
new degree is labelled the bi-canonical degree of R and is given by
bideg(R) = deg(C∗∗/C) =
∑
height p=1
bideg(Rp) deg(R/p) =
∑
height p=1
[λ(Rp/Cp)− λ(Rp/C
∗∗
p )] deg(R/p).
This is a well-defined finite sum independent of the chosen canonical ideal C. It leads immedi-
ately to comparisons to two other degrees, the canonical degree of [18], cdeg(R) = deg(C/(s))
for a minimal reduction (s) of C [in dimension one and suitably assembled as above to all
dimensions], and the residue of R of [25] tdeg(R) = deg(R/trace(C)), where trace(C) is the
trace ideal of C. Arising naturally is a comparison conjecture, that cdeg(R) ≥ bideg(R). We
engage in a brief discussion on how to recognize that a codimension one ideal I is actually a
canonical ideal. We finally recall the notion of the rootset of R ([18]), perhaps one of least
understood sets attached to C and raise questions on how it affects the values of the degrees.
We begin in Section 4 a study of algebras according to the values of one of the c(R). If
c(R) = 0, for all canonical degrees, R is Gorenstein in codimension one. It is natural to ask
which rings correspond to small values of c(R). In dimension one, cdeg(R) ≥ r(R) − 1 and
bideg(R) ≥ 1, where equality corresponding to the almost Gorenstein rings of ([3, 20, 22])
and nearly Gorenstein rings of [25], respectively.
We begin in Sections 5, 6, 7, 8, 9, 10, 11, 12 calculations of cdeg(R) and bideg(R) for
various classes of algebras. Unlike the case of cdeg(R), already for hyperplane sections the
behaviour of bideg(R) is more challenging. Interestingly, for monomial rings k[ta, tb, tc] the
technical difficulties are reversed. In two cases, augmented rings and [tensor] products, very
explicit formulas are derived. More challenging is the case of Rees algebras when we are often
limited to deciding the vanishing of degrees. The most comprehensive results resolve around
m : m.
The ringA = m : m has a special role in the literature of low dimensional rings. For instance,
if R is a Buchsbaum ring of dimension ≥ 2 and positive depth then A is its S2-ification ([17,
Theorem 4.2]).
Sections 13, 14, 15 discuss various possible generalizations and open questions.
2. Setting up and calculating canonical degrees
In this section we describe the canonical degrees known to the authors and extend them to
more general structures.
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Divisorial basics of C. We are going to make use of the basic facts expressed in the codimension
one localizations of R.
Theorem 2.1. Let (R,m) be a local ring of dimension one let Q be its total ring of fractions.
Assume that R has a canonical module C.
(1) R has a canonical ideal if and only if the total ring of fractions of R̂ is Gorenstein. [1, 5, 26].
(2) The m-primary ideal I is a canonical ideal if and only if I :R m = I :Q m = (I, s) for some
s ∈ R. [26, Theorem 3.3].
(3) R is Gorenstein if and only if C is a reflexive module. [26, Corollary 7.29].
(4) If R is an integral domain with finite integral closure then I∗∗ is integral over I. [10,
Proposition 2.14].
We often assume harmlessly that R has an infinite residue field and has arbitrary Krull
dimension. For a finitely generated R-module M , the notation deg(M) = e0(m,M) refers to
the multiplicity defined by the m-adic topology. The Cohen-Macaulay type of R is denoted by
r(R).
Remark 2.2. Among the ways we can set up the comparison of C to a principal ideal we have
the following.
(1) In dimension one, select an element c of C and define cdeg(R) = deg(C/(c)). The choice
should yield the same value for all C. In [18] (c) is chosen as a minimal reduction of C
when then cdeg(R) = e0(C,R) − deg(R/C).
(2) The choice is more straightforward in one case: Set bideg(R) = deg(C∗∗/C), where C∗∗ is
the bidual of C.
(3) A standard metric is simply tdeg(R) = deg(R/τ(C)), where τ(C) is the trace ideal of C:
(f(x), f ∈ C∗, x ∈ C). It is often used to define the Gorenstein locus of R (see [25] for a
discussion). For a method to calculate the trace of a module see [25, Proposition 3.1], [38,
Remark 3.3].
(4) These are distinct [in dimension d > 1] numbers, which are independent of the choice of
C, that share a common property:
(i) R is Gorenstein if and only if one of cdeg(R), bideg(R) or tdeg(R) vanishes (in which
case all three vanish).
(ii) If R is not Gorenstein, cdeg(R) ≥ r(R)− 1 ≥ 1, tdeg(R) ≥ 1, bideg(R) ≥ 1, and the
minimal values are attained. In dimension one bideg = tdeg, see Proposition 2.3.
(5) The cases when the minimal values are reached have the following designations:
(i) cdeg(R) was introduced in [18] and called the canonical degree of R: cdeg(R) =
r(R)− 1 if and only if R is an almost Gorenstein ring ([20, 22]).
(ii) tdeg(R) was introduced in [25] and called it the residue of R: res(R). It can also
be called the trace degree of R. Another possible terminology is to call it the anti-
canonical degree of R: tdeg(R) = 1 if and only if R is a nearly Gorenstein ring.
(iii) bideg(R) was introduced in [19] and called the bi-canonical degree ofR: bideg(R) = 1
if and only if R is a so-called Goto ring.
There are some relationships among these invariants.
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Proposition 2.3. [J. Herzog, personal communication] Let R be Cohen-Macaulay local ring
of dimension 1 with a canonical ideal C. Then
bideg(R) = λ(R/trace(C)).
Proof. We will show that
λ(C∗∗/C) = λ(R/trace(C)).
From trace(C) = C · C∗, we have
Hom(trace(C), C) = Hom(C · C∗, C) = Hom(C∗,Hom(C, C)) = C∗∗.
Now dualize the exact sequence
0→ trace(C) −→ R −→ R/trace(C)→ 0,
into C to obtain,
0 = Hom(R/trace(C), C)→ C = Hom(R, C)→ C∗∗ = Hom(trace(C), C)→ Ext1(R/trace(C), C)→ 0,
which shows that C∗∗/C and Ext1(R/trace(C), C) are isomorphic. Since by local duality
Ext1(·, C) is self-dualizing on modules of finite support, bideg(R) = λ(R/trace(C)). 
A similar argument applies to a slightly different class of ideals. We say that an ideal I is
closed if Hom(I, I) = R in the terminology of [4].
Proposition 2.4. Let R be a local ring of dimension one and finite integral closure, and let
I be a closed ideal. If I is reflexive then I is principal.
Proof. We argue by contradiction. From trace(I) = L = I · I∗, we have
Hom(trace(I),R) = Hom(I·I∗,R) = Hom(I⊗I∗,R) = Hom(I,Hom(I∗,R)) = Hom(I, I∗∗) = R,
and thus L∗∗ = Rx. If x is a unit L∗ = R and therefore L has height greater than one, which is
not possible. Thus we have L =Mx, where M ⊂ m. Since L∗∗ = Rx is integral over L =Mx
([10, Proposition 2.14]), we have for some positive integer n
Rxn =MxRxn−1,
and thus R =M , which is impossible. 
3. The basic canonical degree
Let (R,m) be a Cohen-Macaulay local ring. Suppose that R has a canonical ideal C. In this
setting we introduce a numerical degree for R and study its properties. The starting point of
our discussion is the following elementary observation. We denote the length function by λ.
Proposition 3.1. Let (R,m) be a 1-dimensional Cohen-Macaulay local ring with a canonical
ideal C. Then the integer cdeg(R) = e0(C)− λ(R/C) is independent of the canonical ideal C.
Proof. If x is an indeterminate over R, in calculating these differences we may pass from R
to R(x) = R[x]mR[x], in particular we may assume that the ring has an infinite residue field.
Let C and D be two canonical ideals. Suppose (a) is a minimal reduction of C. Since D ≃ C
([6, Theorem 3.3.4]), D = qC for some fraction q. If Cn+1 = (a)Cn by multiplying it by qn+1,
we get Dn+1 = (qa)Dn, where (qa) ⊂ D. Thus (qa) is a reduction of D and C/(a) ≃ D/(qa).
Taking their co-lengths we have
λ(R/(a)) − λ(R/C) = λ(R/(qa)) − λ(R/D).
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Since λ(R/(a)) = e0(C) and λ(R/(qa)) = e0(D), we have
e0(C) − λ(R/C) = e0(D)− λ(R/D). 
We can define cdeg(R) in full generality as follows.
Theorem 3.2. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 1 that has a
canonical ideal C. Then
cdeg(R) =
∑
height p=1
cdeg(Rp) deg(R/p) =
∑
height p=1
[e0(Cp)− λ((R/C)p)] deg(R/p)
is a well-defined finite sum independent of the chosen canonical ideal C. In particular, if C is
equimultiple with a minimal reduction (a), then
cdeg(R) = deg(C/(a)) = e0(m, C/(a)).
Proof. By Proposition 3.1, the integer cdeg(Rp) does not depend on the choice of a canonical
ideal of R. Also cdeg(R) is a finite sum since, if p /∈ Min(C), then Cp = Rp so that Rp is
Gorenstein. Thus cdeg(Rp) = 0. The last assertion follows from the associativity formula:
cdeg(R) =
∑
height p=1
λ((C/(a))p) deg(R/p) = deg(C/(a)). 
Definition 3.3. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 1 that has a
canonical ideal. Then the canonical degree of R is the integer
cdeg(R) =
∑
height p=1
cdeg(Rp) deg(R/p).
Corollary 3.4. cdeg(R) ≥ 0 and vanishes if and only if R is Gorenstein in codimension 1.
Corollary 3.5. Suppose that the canonical ideal of R is equimultiple. Then we have the
following.
(1) cdeg(R) ≥ r(R)− 1.
(2) cdeg(R) = 0 if and only if R is Gorenstein.
Proof. Let (a) be a minimal reduction of the canonical ideal C. Then
cdeg(R) = e0(m, C/(a)) ≥ ν(C/(a)) = r(R)− 1.
If cdeg(R) = 0 then r(R) = 1, which proves that R is Gorenstein. 
Now we extend the above result to a more general class of ideals when the ring has dimension
one. We recall that if R is a 1-dimensional Cohen-Macaulay local ring, I is an m-primary ideal
with minimal reduction (a), then the reduction number of I relative to (a) is independent of
the reduction ([35, Theorem 1.2]). It will be denoted simply by red(I).
Proposition 3.6. Let (R,m) be a 1-dimensional Cohen-Macaulay local ring which is not a
valuation ring. Let I be an irreducible m-primary ideal such that I ⊂ m2. If (a) is a minimal
reduction of I, then λ(I/(a)) ≥ r(R)− 1. In the case of equality, red(I) ≤ 2.
Proof. Let L = I : m and N = (a) : m. Then λ(L/I) = r(R/I) = 1 and λ(N/(a)) = r(R).
Thus, we have
r(R) ≤ λ(L/N) + λ(N/(a)) = λ(L/(a)) = λ(L/I) + λ(I/(a)) = 1 + λ(I/(a)),
which proves that λ(I/(a)) ≥ r(R)− 1.
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Suppose that λ(I/(a)) = r(R) − 1. Then L = N . By [9, Lemma 3.6], L is integral over
I. Thus, L is integral over (a). By [11, Theorem 2.3], red(N) = 1. Hence L2 = aL. Since
λ(L/I) = 1, by [21, Proposition 2.6], we have I3 = aI2. 
4. Extremal values of the canonical degree
We examine in this section extremal values of the canonical degree. First we recall the definition
of almost Gorenstein rings ([3, 20, 22]).
Definition 4.1. ([22, Definition 3.3]) A Cohen-Macaulay local ring R with a canonical module
ω is said to be an almost Gorenstein ring if there exists an exact sequence of R-modules
0→ R→ ω → X → 0 such that ν(X) = e0(X).
Proposition 4.2. Let (R,m) be a Cohen-Macaulay local ring with a canonical ideal C. Assume
that C is equimultiple. If cdeg(R) = r(R) − 1, then R is an almost Gorenstein ring. In
particular, if cdeg(R) ≤ 1, then R is an almost Gorenstein ring.
Proof. We may assume that R is not a Gorenstein ring. Let (a) be a minimal reduction of C.
Consider the exact sequence of R-modules
0→ R
ϕ
→ C → X → 0, where ϕ(1) = a.
Then ν(X) = r(R)− 1 = cdeg(R) = e0(X). Thus, R is an almost Gorenstein ring. 
Proposition 4.3. Let (R,m) be a 1-dimensional Cohen-Macaulay local ring with a canonical
ideal C. Then cdeg(R) = r(R)− 1 if and only if R is an almost Gorenstein ring.
Proof. It is enough to prove that the converse holds true. We may assume that R is not a
Gorenstein ring. Let (a) be a minimal reduction of C. Since R is almost Gorenstein, there
exists an exact sequence of R-modules
0→ R
ψ
→ C → Y → 0 such that ν(Y ) = e0(Y ).
Since dim(Y ) = 0 by [22, Lemma 3.1], we have that mY = (0). Let b = ψ(1) ∈ C and set
q = (b). Then mq ⊆ mC ⊆ q. Therefore, since R is not a DVR and lR(q/mq) = 1, we get
mC = mq, whence the ideal q is a reduction of C by the Cayley-Hamilton theorem, so that
cdeg(R) = e0(Y ) = ν(Y ) = r(R)− 1. 
Now we consider the general case when a canonical ideal is not necessarily equimultiple.
Lemma 4.4. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 1 with infinite
residue field and a canonical ideal C. Let a be an element of C such that (i) for ∀p ∈ Ass(R/C)
the element a1 generates a reduction of CRp, (ii) a is R-regular, and (iii) a 6∈ mC. Let
Z = {p ∈ Ass(C/(a)) | C 6⊆ p}.
(1) cdeg(R) = deg(C/(a)) −
∑
p∈Z
λ((C/(a))p) deg(R/p).
(2) cdeg(R) = deg(C/(a)) if and only if Ass(C/(a)) ⊆ V (C).
Proof. It follows from Theorem 3.2 and deg(C/(a)) =
∑
height p=1
λ((C/(a))p) deg(R/p). 
Theorem 4.5. With the same notation given in Lemma 4.4, suppose that Ass(C/(a)) ⊆ V (C).
Then cdeg(R) = r(R)− 1 if and only if R is an almost Gorenstein ring.
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Proof. It is enough to prove the converse holds true. We may assume thatR is not a Gorenstein
ring. Choose an exact sequence
0→ R→ C → Y → 0
such that deg(Y ) = ν(Y ) = r(R)−1. Since Ass(C/(a)) ⊆ V (C), we have deg(Y ) ≥ deg(C/(a)).
By Theorem 3.5 and Lemma 4.4, we obtain the following.
r(R)− 1 ≤ cdeg(R) = deg(C/(a)) ≤ deg(Y ) = r(R)− 1. 
Remark 4.6. If R is a non-Gorenstein normal domain, then its canonical ideal cannot be
equimultiple.
Proof. Suppose that a canonical ideal C of R is equimultiple, i.e., Cn+1 = aCn. Then we would
have an equation (n+ 1)[C] = n[C] in its divisor class group. This means that [C] = [0]. Thus,
C ≃ R. Hence C cannot be equimultiple. 
5. The bi-canonical degree
The approach in [18] is dependent on finding minimal reductions. We pick here one that
seems particularly amenable to computation. Let C∗ = Hom(C,R) be the dual of C and C∗∗
its bidual. [In general, in writing HomR we omit the symbol for the underlying ring.] In the
natural embedding
0→ C −→ C∗∗ −→ B → 0,
B remains unchanged when C is replaced by another canonical module, say D = sC for a
regular element s ∈ Q. B vanishes if and only if R is Gorenstein as indicated above. It is
easy to see that a similar observation can be made if d > 1. That is, B = 0 if and only if
R is Gorenstein in codimension 1. B embeds into the Cohen-Macaulay module R/C that has
dimension d− 1, and thus B either is zero or its associated primes are associated primes of C,
all of which have codimension one.
Like in [18], we would like to explore the length of B, bideg(R) = λ(B) which we view as a
degree, in dimension 1 and deg(B) in general. We stick to d = 1 for the time being. We would
like some interesting examples and examine relationships to the other metrics of R. We do not
have best name for this degree, but we could also denote it by ddeg(R) (at least the double
‘d’ as a reminder of ‘double dual’).
Let us formalize these observations as the following.
Theorem 5.1. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 1 that has a
canonical ideal C. Then
bideg(R) = deg(C∗∗/C) =
∑
height p=1
bideg(Rp) deg(R/p) =
∑
height p=1
[λ(Rp/Cp)− λ(Rp/C
∗∗
p )] deg(R/p)
is a well-defined finite sum independent of the chosen canonical ideal C. Furthermore, bideg(R) ≥
0 and vanishes if and only if R is Gorenstein in codimension 1.
Comparison of canonical degrees. If (c) is a minimal reduction of C how to compare
cdeg(R) = λ(R/(c)) − λ(R/C)⇔ λ(R/C) − λ(R/C∗∗) = bideg(R)
The point to be raised is: which is more approachable, e0(C) or λ(R/C
∗∗)? we will argue,
according to the method of computation below, that the latter is more efficient which would
be demonstrated if the following conjecture were settled.
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Conjecture 5.2. [Comparison Conjecture] If dimR = 1 the following inequality holds
cdeg(R) ≥ bideg(R).
That is from the diagram
(c) C C∗∗
where C∗∗ = (c) : ((c) : C), we have λ(C/(c)) ≥ λ(C∗∗/C). Alternatively
e0(C) + λ(R/C
∗∗) ≥ 2 · λ(R/C).
This would imply, by the associativity formula, that the inequality holds in all dimensions.
Computation of duals and biduals. Let I be a regular ideal of the Noetherian ring R. If Q is
the total ring of fractions of R then
Hom(I,R) = R :Q I.
A difficulty is that computer systems such as Macaulay2 ([23]) are set to calculate quotients
of the form A :R B for two ideals A,B ⊂ R, which is done with calculations of syzygies.
This applies especially in the case of the ring R = k[x1, . . . , xd]/P where k is an appropriate
field. To benefit of the efficient quotient command of this system we formulate the problem as
follows.
Proposition 5.3. Let I ⊂ R and suppose a is a regular element of I. Then
(1) I∗ = Hom(I,R) = a−1((a) :R I).
(2) I∗∗ = Hom(Hom(I,R),R) = (a) :R ((a) :R I) = annihilator of Ext
1
R(R/I,R).
(3) τ(I) = a−1I · (a) :R I.
Proof. (1) If q ∈ Hom(I,R) = R :Q I, then
qI ⊂ R ≃ qaI ⊂ (a) ≃ qa ∈ (a) :R I ≃ q ∈ a
−1((a) :R I)
(3) Follows from the calculation
q ∈ I∗∗ = [a−1((a) :R I)]
∗ = a[R :Q ((a) :R I)] = a[a
−1((a) :R ((a) :R I)] = (a) :R ((a) :R I).
See also [38, Remark 3.3], [25, Proposition 3.1]. 
Computation of Hom(A,B) = A :Q B. Let A and B be ideals of R. A question is how to trick
the ordinary quotient command to do these computations. There are important cases needed,
such as Hom(A,A). If B = (b1, . . . , bn), bi regular element of R, then
A :Q B =
n⋂
i=1
A :Q bi =
n⋂
i=1
Ab−1i ,
so setting b =
∏n
i=1 bi and b̂i = bb
−1
i , we have
A :Q B = b
−1
n⋂
i=1
Ab̂i.
A case of interest is when I = m: A = Hom(m,m). If R is a Cohen-Macaulay local ring of
dimension one that is not a DVR, then A = R : m: m · Hom(m,R) ⊂ m and therefore
A = m :Q m = R :Q m = 1/x · ((x) :R m),
where x is a regular element of m.
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Example 5.4. Here is an example from [18]. Let L = (X2 − Y Z, Y 2 − XZ,Z2 − XY ) and
R = A/L. Let x, y, z be the images of X,Y,Z in R. Then C = (x, z) is a canonical ideal of
C3 = (x3, x2z, xz2, z3) = (x3, x2z, xz2) = xC2,
which proves that red(C) = 2. Note that
e0(C) = λ(R/xR) = λ(A/(x+ L)) = λ(A/(x, y
2, yz, z2)) = 3.
Recognition of canonical ideals. These methods permit answering the following question. Given
an ideal C, is it a canonical ideal? These observations are influenced by the discussion in [15,
Section 2]. For other methods, see [20].
Proposition 5.5. Let (R,m) be a one-dimensional Cohen-Macaulay local ring and let Q be
its total ring of fractions. Then an m-primary ideal I is a canonical ideal if I is an irreducible
ideal and Hom(I, I) = R.
Proof. Note first that if q ∈ I :Q m then qI ⊂ I, that is q ∈ Hom(I, I). Now we invoke
Theorem 2.1(2). 
Corollary 5.6. Let (R,m) be a Cohen-Macaulay local ring of dimension one.
(1) The m-primary ideal I is a canonical ideal if and only if both I and xI are irreducible for
any regular element x ∈ m. (This is [15, Proposition 2.2].)
(2) m is a canonical ideal if and only if R is a discrete valuation ring.
Proof. If q ∈ I :Q m, qx ⊂ I ⊂ xR, so q ∈ R. Thus q ∈ I :R m. Since I is irreducible
I :R m = (I, s) and we can invoke again Theorem 2.1(2). Apply the previous assertion to xI.
The converse is well-known.
Let x be a regular element in m. Since dimR = 1 there is a positive integer n such that
mn ⊂ xR but mn−1 6⊂ xR. If n = 1, m = xR there is nothing else to prove. If n > 1, we
have that L = mn−1x−1 satisfies L ·m is an ideal of R so that either L ·m = R and hence m is
invertible, or L ·m ⊂ m that means L ⊂ Hom(m,m) = R. Thus mn−1x−1 ⊂ R so mn−1 ⊂ xR,
which is a contradiction. 
6. Canonical index
Throughout the section, let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 1 with
infinite residue field and suppose that a canonical ideal C exists. We begin by showing that
the reduction number of a canonical ideal of R is an invariant of the ring.
Proposition 6.1. Let C and D be canonical ideals of R. Then red(C) = red(D).
Proof. Let K be the total ring of quotients of R. Then there exists q ∈ K such that D = qC.
Let r = red(C) and J a minimal reduction of C with Cr+1 = JCr. Then
Dr+1 = (qC)r+1 = qr+1(JCr) = (qJ)(qC)r = qJDr
so that red(D) ≤ red(C). Similarly, red(C) ≤ red(D). 
Definition 6.2. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 1 with a canon-
ical ideal C. The canonical index of R is the reduction number of the canonical ideal C of R
and is denoted by ρ(R).
Remark 6.3. Suppose that R is not Gorenstein. The following are known facts.
(1) If the canonical ideal of R is equimultiple, then ρ(R) 6= 1.
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(2) If dimR = 1 and e0(m) = 3, then ρ(R) = 2.
(3) If dimR = 1 and cdeg(R) = r(R)− 1, then ρ(R) = 2.
Proof. (1) Suppose that ρ(R) = 1. Let C be a canonical ideal of R with C2 = aC. Then
Ca−1 ⊂ Hom(C, C) = R so that C = (a). This is a contradiction.
(2) It follows from the fact that, if (R,m) is a 1–dimensional Cohen-Macaulay ring and I an
m–primary ideal, then red(I) ≤ e0(m)− 1.
(3) It follows from Proposition 4.3 and [20, Theorem 3.16]. 
Sally module. We examine briefly the Sally module associated to the canonical ideal C in rings
of dimension 1. Let Q = (a) be a minimal reduction of C and consider the exact sequence of
finitely generated R[QT]-modules
0→ CR[QT] −→ CR[CT] −→ SQ(C)→ 0.
Then the Sally module S = SQ(C) =
⊕
n≥1 C
n+1/CQn of C relative to Q is Cohen-Macaulay
and, by [17, Theorem 2.1], we have
e1(C) = cdeg(R) +
ρ(R)−1∑
j=1
λ(Cj+1/aCj) =
ρ(R)−1∑
j=0
λ(Cj+1/aCj).
Remark 6.4. Let R be a 1-dimensional Cohen-Macaulay local ring with a canonical ideal C.
Then the multiplicity of the Sally module s0(S) = e1(C)− e0(C) + λ(R/C) = e1(C)− cdeg(R)
is an invariant of the ring R, by [20, Corollary 2.8] and Proposition 3.1.
The following property of Cohen-Macaulay rings of type 2 is a useful calculation that we
will use to characterize rings with minimal canonical index.
Proposition 6.5. Let R be a 1-dimensional Cohen-Macaulay local ring with a canonical ideal
C. Let (a) be a minimal reduction of C. If ν(C) = 2, then λ(C2/aC) = λ(C/(a)).
Proof. Let C = (a, b) and consider the exact sequence
0→ Z → R2 → C → 0,
where Z = {(r, s) ∈ R2 | ra+ sb = 0}. By tensoring this exact sequence with R/C, we obtain
Z/CZ
g
→ (R/C)2
h
→ C/C2 → 0.
Then we have
ker(h) = Im(g) ≃ (Z/CZ)/((Z ∩ CR2)/CZ) ≃ Z/(Z ∩ CR2) ≃ (Z/B)/((Z ∩ CR2)/B),
where B = {(−bx, ax) | x ∈ R}.
We claim that Z ∩ CR2 ⊂ B, i.e., δ(C) = (Z ∩ CR2)/B = 0. Let (r, s) ∈ Z ∩ CR2. Then
ra+ sb = 0 ⇒
s
a
· b = −r ∈ C and
s
a
· a = s ∈ C.
Denote the total ring of fractions of R by K. Since C is a canonical ideal, we have
s
a
∈ C :K C = R.
Therefore
(r, s) =
(
−b ·
s
a
, a ·
s
a
)
∈ B.
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Hence ker(h) ≃ Z/B = H1(C) and we obtain the following exact sequence
0→ H1(C)→ (R/C)
2 → C/C2 → 0.
Next we claim that λ(H1(C)) = λ(R/C). Note that H1(C) ≃ ((a) : b)/(a) by mapping (r, s)+B
with ra+ sb = 0 to s+ (a). Using the exact sequence
0→ ((a) : b)/(a)→ R/(a)
·b
→ R/(a)→ R/C → 0,
we get
λ(R/C) = λ(((a) : b)/(a)) = λ(H1(C)).
Now, using the exact sequence
0→ H1(C)→ (R/C)
2 → C/C2 → 0,
we get
λ(C/C2) = 2λ(R/C) − λ(H1(C)) = λ(R/C).
Hence,
λ(C2/aC) = λ(C/aC)− λ(C/C2) = λ(C/aC) − λ(R/C) = λ(C/aC) − λ((a)/aC) = λ(C/(a)).
Therefore
(r, s) =
(
−b ·
s
a
, a ·
s
a
)
∈ B.
Hence ker(h) ≃ Z/B = H1(C) and we obtain the following exact sequence
0→ H1(C)→ (R/C)
2 → C/C2 → 0.
Next we claim that λ(H1(C)) = λ(R/C). Note that H1(C) ≃ ((a) : b)/(a) by mapping (r, s)+B
with ra+ sb = 0 to s+ (a). Using the exact sequence
0→ ((a) : b)/(a)→ R/(a)
·b
→ R/(a)→ R/C → 0,
we get
λ(R/C) = λ(((a) : b)/(a)) = λ(H1(C)).
Now, using the exact sequence
0→ H1(C)→ (R/C)
2 → C/C2 → 0,
we get
λ(C/C2) = 2λ(R/C) − λ(H1(C)) = λ(R/C).
Hence,
λ(C2/aC) = λ(C/aC) − λ(C/C2) = λ(C/aC) − λ(R/C) = λ(C/aC) − λ((a)/aC) = λ(C/(a)). 
Example 6.6. Let H = 〈a, b, c〉 be a numerical semigroup which is minimally generated by
positive integers a, b, c with gcd(a, b, c) = 1. If the semigroup ring R = k[[ta, tb, tc]] is not a
Gorenstein ring, then r(R) = 2 (see [20, Section 4]).
Example 6.7. Let A = k[X,Y,Z], let I = (X2 − Y Z, Y 2 − XZ,Z2 − XY ) and R = A/I.
Let x, y, z be the images of X,Y,Z in R. By [2, Theorem 10.6.5], we see that C = (x, z) is a
canonical ideal of R with a minimal reduction (x). It is easy to see that ρ(R) = 2, e1(C) = 2
and cdeg(R) = 1.
Example 6.8. Let A = k[X,Y,Z], let I = (X4−Y 2Z2, Y 4−X2Z2, Z4−X2Y 2) and R = A/I.
Let x, y, z be the images of X,Y,Z in R. Then C = (x2, z2) is a canonical ideal of R with a
minimal reduction (x2). We have that ρ(R) = 2, e1(C) = 16 and cdeg(R) = 8.
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Lower and upper bounds for the canonical index.
Example 6.9. Let e ≥ 4 be an integer and let H = 〈e, {e+ i}3≤i≤e−1, 3e + 1, 3e+ 2〉. Let
k be a field and V = k[[t]] the formal power series ring over k. Consider the semigroup ring
R = k[[H]] ⊆ V .
(1) The conductor of H is c = 2e+ 3.
(2) The canonical module is KR = 〈1, t〉 and K
e−2
R ( K
e−1
R = V .
(3) The canonical ideal ofR is C = (tcKR) and Q = (t
c) is a minimal reduction of C. Moreover,
ρ(R) = red(C) = e− 1.
(4) The canonical degree is cdeg(R) = λ(C/Q) = λ(KR/R) = 3.
(5) In particular, cdeg(R) ≤ ρ(R).
Theorem 6.10. Let (R,m) be a 1-dimensional Cohen-Macaulay local ring with a canonical
ideal C. Suppose that the type of R is 2. Then we have the following.
(1) e1(C) ≤ ρ(R) cdeg(R).
(2) ρ(R) = 2 if and only if e1(C) = 2 cdeg(R).
Proof. Let C = (a, b), where (a) is a minimal reduction of C.
(1) For each j = 0, . . . , ρ(R) − 1, the module Cj+1/aCj is cyclic and annihilated by L =
ann(C/(a)). Hence we obtain
e1(C) =
ρ(R)−1∑
j=0
λ(Cj+1/aCj) ≤ ρ(R)λ(R/L) = ρ(R) cdeg(R).
(2) Note that ρ(R) = 2 if and only if e1(C) =
1∑
j=0
λ(Cj+1/aCj). Since ν(C) = r(R) = 2, by
Proposition 6.5, λ(C/(a)) = λ(C2/aC). Thus, the assertion follows from
1∑
j=0
λ(Cj+1/aCj) = 2λ(C/(a)) = 2 cdeg(R). 
Proposition 6.11. Let (R,m) be a Cohen-Macaulay local ring with infinite residue field and
a canonical ideal C. Suppose that Rp is a Gorenstein ring for ∀p ∈ Spec(R) \ {m} and that C
is equimultiple.
(1) Cn has finite local cohomology for all n > 0.
(2) Let I(Cn) denote the Buchsbaum invariant of Cn. Then the nonnegative integer β(R) =
supn>0 I(C
n) is independent of the choice of C.
(3) ρ(R) ≤ deg(R) + β(R)− 1.
Proof. (1) The assertion follows from CnRp = a
nRp where Q = (a) is a reduction of C.
(2) We have Cn ∼= Dn for any canonical ideal D and Cn+1 = aCn for ∀n≫ 0.
(3) Let q be a minimal reduction of m. Then, for ∀n > 0, we have
ν(Cn) = λ(Cn/mCn) ≤ λ(Cn/qCn) ≤ e0(q, C
n) + I(Cn) ≤ deg(R) + β(R).
The conclusion follows from [13, Theorem 1]. 
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Example 6.12. Consider the following examples of 1-dimensional Cohen-Macaulay semigroup
rings R with a canonical ideal C such that cdeg(R) = r(R).
(1) Let a ≥ 4 be an integer and let H = 〈a, a+ 3, . . . , 2a− 1, 2a + 1, 2a+ 2〉. Let R = k[[H]].
Then the canonical module of R is ω =
〈
1, t, t3, t4, . . . , ta−1
〉
. The ideal Q = (ta+3) is a
minimal reduction of C = (ta+3, ta+4, ta+6, ta+7, . . . , t2a+2),
cdeg(R) = a− 1 = ν(C), and red(C) = 2.
(2) Let a ≥ 5 be an integer and let H = 〈a, a+ 1, a+ 4, . . . , 2a− 1, 2a+ 2, 2a + 3〉. Let
R = k[[H]]. Then the canonical module of R is ω =
〈
1, t, t4, t5, . . . , ta−1
〉
. The ideal
Q = (ta+4) is a minimal reduction of C = (ta+4, ta+5, ta+8, ta+9, . . . , t2a+3).
cdeg(R) = a− 2 = ν(C), and red(C) = 3.
7. Roots of canonical ideals
Another phenomenon concerning canonical ideals is the following.
Definition 7.1. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 1 with a canon-
ical ideal C. An ideal L is called a root of C if Ln ≃ C for some n. In this case, we write
τL(C) = min{n | L
n ≃ C}. Then the rootset ofR is the set root(R) = {τL(C) | L is a root of C}.
The terminology ‘roots’ of C already appears in [4]. Here is a simple example.
Example 7.2. ([4, Example 3.4]) Let R = k[[t4, t5, t6, t7]]. Then C = (t4, t5, t6) is a canonical
ideal of R. Let I = (t4, t5). Then I2 = t4C, that is, I is a square root of C.
It was studied in [18] for its role in examining properties of canonical ideals. Here is one
instance:
Proposition 7.3. Let R be a Cohen-Macaulay local ring of dimension one. Let L be a root
of C. If L is an irreducible ideal then R is a Gorenstein ring.
Proof. Note that if q ∈ Q satisfies qL ⊂ L then qLn ⊂ Ln. This implies that qC ⊂ C and so
q ∈ R. By Proposition 5.5, L ≃ C. We now make use of a technique of [18]. From C ≃ Cn we
have
C ≃ Cn−1 · C ≃ Cn−1 · Cn = C2n−1.
By iteration we get that C ≃ Cm for arbitrarily large values of m, and for all of them we have
Cm : Cm = R.
We may assume that the residue field of R is infinite and obtain a minimal reduction (c) for C,
that is an equality Cr+1 = cCr for all r ≥ s for some s. This gives (Cr)2 = crCr, and therefore
(Crc−r)Cr = Cr. Since Cr : Cr = R the equality gives that Cr ⊂ (cr) ⊂ Cr and therefore
Cr = (c)r. Thus C is invertible, as desired. 
Question 7.4. Suppose there is an ideal L such that L2 = C. Sometimes they imply that
cdeg(R) is even; can it be the same with bideg(R)?
Question 7.5. If Ln ≃ C and L is reflexive must R be Gorenstein?
Exercise 7.6. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 2. Let C be a
Cohen-Macaulay ideal of codimension 1. A goal is to derive a criterion for C to be a canonical
ideal. Let x be regular mod C. If C/xC is a canonical ideal of R/xR then C is canonical ideal
of R. We make use of two facts:
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(1) C is a canonical module iff ExtjR(R/m, C) = R/m for j = d and 0 otherwise ([26, Theorem
6.1]).
(2) The change of rings equation asserts ExtjR(R/m, C) ≃ Ext
j−1
R/(x)(R/m, C/xC), j ≤ d.
More generally, how do we tell when a Cohen-Macaulay ideal I is irreducible?
The set root(R) is clearly independent of the chosen canonical ideal. To make clear the
character of this set we appeal to the following property. We call an ideal of R closed if
Hom(L,L) = R.
Proposition 7.7. Let (R,m) be a 1-dimensional Cohen-Macaulay local ring with a canonical
ideal C. Let L be a root of C. If Hom(Ln, Ln) ≃ R for infinitely many values of n then all
powers of L are closed. In this case L is invertible and R is Gorenstein.
Proof. A property of roots is that they are closed ideals. More generally, it is clear that if
Hom(Lm, Lm) = R then Hom(Ln, Ln) = R for n < m, which shows the first assertion.
We may assume that R has an infinite residue field. Let s = red(L). Then Ls+1 = xLs, for
a minimal reduction (x) and thus L2s = xsLs, which gives that
x−sLs ⊂ Hom(Ls, Ls) ≃ R.
It follows that Ls ⊂ (xs) ⊂ Ls, and thus Ls = (xs). Now taking t such that Lt ≃ C shows that
C is principal. 
Corollary 7.8. If Lm ≃ C ≃ Ln, for m 6= n, then C is principal.
Proof. Suppose m > n. Then
C ≃ Lm = LnLm−n ≃ LmLm−n = L2m−n.
Iterating, L is a root of C of arbitrarily high order. 
Corollary 7.9. ([4, Proposition 3.8]) Let (R,m) be a 1-dimensional Cohen-Macaulay local
ring with a canonical ideal C. If R is not Gorenstein then no proper power of C is a canonical
ideal.
Proposition 7.10. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 1 with infinite
residue field and with an equimultiple canonical ideal C. Let L be a root of C. Then τL(C) ≤
min{r(R) − 1, red(L)}.
Proof. Suppose n = τL(C) ≥ r(R). Then
ν(Ln) = ν(C) = r(R) < n+ 1 =
(
n+ 1
1
)
.
By [13, Theorem 1], there exists a reduction (a) of L such that Ln = aLn−1. Thus, Ln−1 ≃ C,
which contradicts the minimality of τL(C). 
Remark 7.11. We have the following.
(1) If r(R) = 2, then the isomorphism class of C is the only root.
(2) The upper bound in Proposition 7.10 is sharp. For example, let a ≥ 3 be an integer and we
consider the numerical semigroup ring R = k[[{ti}a≤i≤2a−1]] ⊆ k[[t]]. Then the canonical
module of R is
ω =
a−2∑
i=0
Rti = (R+Rt)a−2.
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Thus R has a canonical ideal C = ta(a−2)ω. Let L = (ta, ta+1). Then C = La−2. Hence we
have τL(C) = a− 2 = r(R)− 1.
Combining Propositions 7.7 and 7.10 we have the following.
Theorem 7.12. Let (R,m) be a 1-dimensional Cohen-Macaulay local ring with a canonical
ideal. If R is not Gorenstein, then root(R) is a finite set of cardinality less than r(R).
Applications of roots.
Proposition 7.13. Let (R,m) be a 1-dimensional Cohen-Macaulay local ring with a canonical
ideal C. Let f be the supremum of the reduction numbers of the m-primary ideals. Suppose
that Ln ≃ C. If p divides n, then ρ(R) ≤ (f + p− 1)/p.
Proof. Since n = pm, by replacing Lm by I, we may assume that Ip = C. Let r = red(I) with
Ir+1 = xIr. Then r = ps + q for some q such that −p + 1 ≤ q ≤ 0. Since ps = r − q ≥ r, we
have
Cs+1 = Ips+p = xpIps = xpCs.
Thus, ρ(R) = red(C) ≤ s = (r − q)/p ≤ (r + p− 1)/p ≤ (f + p− 1)/p. 
A computation of roots of the canonical ideal. Let 0 < a1 < a2 < · · · < aq be integers such that
gcd(a1, a2, . . . , aq) = 1. Let H = 〈a1, a2, . . . , aq〉 be the numerical semigroup generated by a
′
is.
Let V = k[[t]] be the formal power series ring over a field k and set R = k[[ta1 , ta2 , . . . , taq ]].
We denote by m the maximal ideal of R and by e = a1 the multiplicity of R. Let v be the
discrete valuation of V . In what follows, let R ⊆ L ⊆ V be a finitely generated R-submodule
of V such that ν(L) > 1. We set ℓ = ν(L)− 1. Then we have the following.
Lemma 7.14. With notation as above, 1 6∈ mL.
Proof. Choose 0 6= g ∈ m so that gV ( R. Then Q = gR is a minimal reduction of the
m-primary ideal I = gL of R, so that g 6∈ mI. Hence 1 /∈ mL. 
Lemma 7.15. With notation as above, there exist elements f1, f2, . . . , fℓ ∈ L such that
(1) L = R+
∑ℓ
i=1Rfi,
(2) 0 < v(f1) < v(f2) < . . . < v(fℓ), and
(3) v(fi) 6∈ H for all 1 ≤ i ≤ ℓ.
Proof. Let L = R +
∑ℓ
i=1Rfi with fi ∈ L. Let 1 ≤ i ≤ ℓ and assume that m = v(fi) ∈ H.
We write fi =
∑∞
j=m cjt
j with cj ∈ k. Then cs 6= 0 for some s > m such that s 6∈ H,
because fi 6∈ R. Choose such integer s as small as possible and set h = fi −
∑s−1
j=m cjt
j. Then∑s−1
j=m cjt
j ∈ R and R+Rfi = R+Rh. Consequently, as v(h) = s > m = v(fi), replacing fi
with h, we may assume that v(fi) 6∈ H for all 1 ≤ i ≤ ℓ. Let 1 ≤ i < j ≤ ℓ and assume that
v(fi) = v(fj) = m. Then, since fj = cfi+h for some 0 6= c ∈ k and h ∈ L such that v(h) > m,
replacing fj with h, we may assume that v(fj) > v(fi). Therefore we can choose a minimal
system of generators of L satisfying conditions (2) and (3). 
Proposition 7.16. With notation as above, let 1, f1, f2, . . . , fℓ ∈ L and 1, g1, g2, . . . , gℓ ∈ L
be systems of generators of L and assume that both of them satisfy conditions (2) and (3) in
Lemma 7.15. Suppose that v(fℓ) < e = a1. Then v(fi) = v(gi) for all 1 ≤ i ≤ ℓ.
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Proof. We set mi = v(fi) and ni = v(gi) for each 1 ≤ i ≤ ℓ. Let us write
f1 = α0 + α1g1 + . . .+ αℓgℓ
g1 = β0 + β1f1 + . . .+ βℓfℓ
with αi, βi ∈ R. Then v(β1f1 + . . .+ βℓfℓ) ≥ v(f1) = m1 > 0, whence β0 ∈ m because v(g1) =
n1 > 0. We similarly have that α0 ∈ m. Therefore n1 = v(g1) ≥ m1, since v(β0) ≥ e > mℓ ≥ m1
and v(β1f1 + . . . + βℓfℓ) ≥ m1. Suppose that n1 > m1. Then v(α1g1 + . . .+ αℓgℓ) ≥ n1 > m1
and v(α0) ≥ e > m1, whence v(f1) > m1, a contradiction. Thus m1 = n1.
Now let 1 ≤ i < ℓ and assume that mj = nj for all 1 ≤ j ≤ i. We want to show mi+1 = ni+1.
Let us write
fi+1 = γ0 + γ1g1 + . . .+ γℓgℓ
gi+1 = δ0 + δ1f1 + . . .+ δℓfℓ
with γi, δi ∈ R.
First we claim that γj, δj ∈ m for all 0 ≤ j ≤ i. As above, we get γ0, δ0 ∈ m. Let 0 ≤ k < i and
assume that γj , δj ∈ m for all 0 ≤ j ≤ k. We show γk+1, δk+1 ∈ m. Suppose that δk+1 6∈ m.
Then as v(δ0+δ1f1+. . .+δkfk) ≥ e > mk+1, we get v(δ0+δ1f1+. . .+δkfk+δk+1fk+1) = mk+1,
so that ni+1 = v(gi+1) = v(δ0+δ1f1+. . .+δℓfℓ) = mk+1, since v(fh) = mh > mk+1 if h > k+1.
This is impossible, since ni+1 > ni = mi ≥ mk+1. Thus δk+1 ∈ m. We similarly get γk+1 ∈ m,
and the claim is proved.
Consequently, since v(δ0 + δ1f1 + . . . + δifi) ≥ e > mi+1 and v(fh) ≥ mi+1 if h ≥ i + 1, we
have ni+1 = v(gi+1) = v(δ0 + δ1f1 + . . . + δℓfℓ) ≥ mi+1. Assume that ni+1 > mi+1. Then
since v(γ0 + γ1g1 + . . . + γigi) ≥ e > mi+1 and v(gh) ≥ ni+1 > mi+1 if h ≥ i + 1, we have
mi+1 = v(fi+1) = v(γ0+γ1g1+. . .+γℓgℓ) > mi+1. This is a contradiction. Hencemi+1 = ni+1,
as desired. 
Theorem 7.17. With notation as above, assume that r(R) = 3 and write the canonical module
ω =
〈
1, ta, tb
〉
with 0 < a < b. Suppose that 2a > b and b < e. Let L be an ideal of R and let
n ≥ 1 be an integer. If Ln ∼= ω, then n = 1.
Proof. By Proposition 7.10, we have n ≤ 2. Suppose that n = 2. Let f ∈ L such that
fV = LV and set M = f−1L. Then R ⊆ M ⊆ V and M2 = f−2L2 ∼= ω. By Lemma 7.15,
we can write M = 〈1, f1, f2, . . . , fσ〉, where 0 < v(f1) < v(f2) < · · · < v(fσ) and v(fi) 6∈ H for
every 1 ≤ i ≤ σ. Then M2 = 〈1, {fi}1≤i≤σ, {fifj}1≤i≤j≤σ〉. Let ni = v(fi) for each 1 ≤ i ≤ σ.
Suppose that σ > 1. Then we claim that f1 6∈ 〈1, {fi}2≤i≤σ , {fifj}1≤i≤j≤σ〉. In order to prove
the claim, we assume the contrary and write
f1 = α+
σ∑
i=2
αifi +
∑
1≤i≤j≤σ
αijfifj
with α,αi, αij ∈ R. Then since n1 < ni for i ≥ 2 and n1 ≤ ni < ni + nj for 1 ≤ i ≤ j ≤ σ, we
have n1 = v(α), which is impossible, because n1 6∈ H but v(α) ∈ H.
Since ν(M2) = 3, by the claim we have M2 = 〈1, f1, fifj〉 for some 1 ≤ i ≤ j ≤ σ. In fact,
the other possibility is M2 = 〈1, f1, fi〉 with i ≥ 2. However, when this is the case, we get
M = M2 so that red(f)L ≤ 1. Thus, red(f2)L
2 ≤ 1. Therefore, since L2 ∼= ω, by Remark 6.3
(1), R is a Gorenstein ring, which is a contradiction.
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We now choose 0 6= θ ∈ Q(V ), where Q(V ) is the quotient field of V , so that ω : M2 = Rθ.
Then ω = θM2 and hence θ is a unit of V . We compare
ω =
〈
1, ta, tb
〉
= 〈θ, θf1, θfifj〉
and notice that 0 < a < b < e and 0 < n1 < ni + nj . Then by Proposition 7.16, we get that
n1 = a and ni + nj = b, whence b ≥ 2a. This is a contradiction. 
Let us give examples satisfying the conditions stated in Theorem 7.17.
Example 7.18. Let e ≥ 7 be an integer and set
H = 〈e+ i | 0 ≤ i ≤ e− 2 such that i 6= e− 4, e− 3〉 .
Then ω =
〈
1, t2, t3
〉
and r(R) = 3. More generally, let a, b, e ∈ Z such that 0 < a < b, b < 2a,
and e ≥ a+ b+ 2. We consider the numerical semigroup
H = 〈e+ i | 0 ≤ i ≤ e− 2 such that i 6= e− b− 1, e − a− 1〉 .
Then ω =
〈
1, ta, tb
〉
and r(R) = 3. These rings R contain no ideals L such that Ln ∼= ω for
some integer n ≥ 2.
8. Minimal values of bi-canonical degrees
Now we begin to examine the significance of the values of bideg(R). We focus on rings of
dimension 1.
Almost Gorenstein rings. First we recall the definition of almost Gorenstein rings ([3, 20, 22]).
Definition 8.1. ([22, Definition 3.3]) A Cohen-Macaulay local ring R with a canonical module
ω is said to be an almost Gorenstein ring if there exists an exact sequence of R-modules
0→ R→ ω → X → 0 such that ν(X) = e0(X). In particular if R has dimension one X =
(R/m)r−1, r = r(R).
Theorem 8.2. Let (R,m) be a Cohen-Macaulay local ring of dimension 1 with a canonical
ideal C. If R is almost Gorenstein then bideg(R) = 1.
Proof. In dimension 1, from
0→ (c) −→ C −→ X → 0,
X is a vector space kr−1, r = r(R). To determine C∗∗ apply Hom(·, (c)) to the above exact
sequence to get Hom(C, (c)) = m. On the other hand, by Proposition 5.3, C∗∗ = Hom(m, (c)) =
L0, the socle of R/(c) [which is generated by r elements], properly containing C that is C
∗∗ = L,
the socle of C. Therefore bideg(R) = λ(L/C) = 1. 
The example below shows that the converse does not holds true.
Example 8.3. Consider the monomial ring (called to our attention by Shiro Goto) R =
Q[t5, t7, t9],m = (x, y, z). We have a presentation R = Q[x, y, z]/P , with P = (y2 − xz, x5 −
yz2, z3 − x4y). Let us examine some properties of R. For simplicity we denote the images of
x, y, z in R by the same symbols. An explanation for these calculations can be found in the
proof of Theorem 10.2.
(1) Let C = (x, y). A calculation with Macaulay2 shows that if D = C : m, then λ(D/C) = 1.
Therefore C is a canonical ideal by Corollary 5.6.
(2) (c) : C 6= m so R is not almost Gorenstein. However C∗∗ = (c) : [(c) : C] satisfies [by
another Macaulay2 calculation] λ(C∗∗/C) = 1, so C∗∗ = L. This shows that bideg(R) = 1.
18 J. P. BRENNAN, L. GHEZZI, J. HONG, L. HUTSON AND W. V. VASCONCELOS
(3) This example shows that bideg(R) = 1 holds [for dimension one] in a larger class rings
than almost Gorenstein rings.
(4) Find red(C) and red(D) for this example. Need the minimal reductions.
Goto rings. We now examine the significance of a minimal value for bideg(R). Suppose R is
not a Gorenstein ring.
Definition 8.4. A Cohen-Macaulay local ring R of dimension d is a Goto ring if it has a
canonical ideal and bideg(R) = 1.
Questions 8.5. (1) What other terminology should be used? Nearly Gorenstein ring has
already been used in [25]. We will examine its relationship to Goto rings.
(2) Almost Gorenstein rings of dimension one have red(G) = 2. What about these rings?
(3) What are the properties of the Cohen-Macaulay module X defined by
0→ (c) −→ C −→ X → 0,
nearly Ulrich or pre-Ulrich bundles?
(4) λ(C∗∗/C) = 1 implies that
C∗∗/C = L/C = C : m/C ≃ R/m.
(5) If L0 = (c) : m, the socle of (c), is equal to L, then C/(c) is a vector space, so R is almost
Gorenstein and conversely.
(6) In all cases L2 = CL, mL = mC, so C/mC →֒ L/mL ([9, Theorem 3.7]). Therefore if
R is not almost Gorenstein, c cannot be a minimal generator of L and thus L = (C, α),
ν(L) = r + 1, with α ∈ L0, or L = (L0, β), with β ∈ C.
(7) This says that
L = (x1, . . . , xr, β), xi ∈ (c) : m,
C = (c, x2, . . . , xr−2, β), c ∈ mL
C∗ = c−1[(c) : C]
C∗∗ = (c) : ((c)) : C) = L
C∗ = C∗∗∗ = c−1[(c) : L]
(c) : C = (c) : L = (c) : β.
Let us attempt to get bideg(R) for R almost Gorenstein but of dimension ≥ 2. Note that
cdeg(R) = r − 1. Assume d = r = 2: can we complete the calculation?
Proposition 8.6. Let (R,m) be a Cohen-Macaulay local ring with a canonical ideal C.
(1) From the
0→ (c) −→ C −→ X → 0
applying Hom(·, (c)), we get
0→ Hom(C, (c)) −→ R −→ Ext(X, (c)) −→ Ext(C, (c)) → 0.
(2) The image of Hom(C, (c)) in R is a proper ideal N , and so R/N is a submodule of
Ext(X, (c)) which is annihilated by ann(X) (which contains (c)). We note (see [29, p.
155]) that
Ext(X, (c)) ≃ Ext1R(X,R) = HomR/(c))(X,R/(c)) = ((c) : N)/(c), if r = 2.
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(3) Suppose C is equimultiple and bideg(R) = 1. Then R is Gorenstein at all primes of
codimension one with one exception, call it p. This means that C∗∗/C is p-primary and
deg(C∗∗/C) = bideg(Rp) · deg(R/p) = 1.
Remark 8.7. What sort of modules are C/(c) and C∗∗/C? The first we know is Cohen-
Macaulay, how about the second?
(1) C∗∗ = C : p: both are divisorial ideals that agree in codimension one.
(2) If dimR = 2, C∗∗/C is Cohen-Macaulay of dimension one and multiplicity one so what
sort of module is it? It is an R/p-module of rank one and R/p is a discrete valuation
domain so C∗∗/C ≃ R/p.
(3) In all dimensions, C∗∗/C has only p for associated prime and is a torsion-free R/p-module
of rank one. Thus it is isomorphic to an ideal of R/p. C∗∗/C has also the condition S2 of
Serre from the exact sequence
0→ C∗∗/C −→ R/C −→ R/C∗∗ → 0,
R/C∗∗ has the condition S1. If R is complete and contains a field by [32] R/p is a regular
local ring and therefore C∗∗/C ≃ R/p.
(4) Some of these properties are stable under many changes of the rings. Will check for generic
hyperplane section soon.
Questions 8.8. (1) How to pass from bideg(A) of a graded algebra A to bideg(B) of one of
its Veronese subalgebras?
(2) If S is a finite injective extension of R, is bideg(S) ≤ [S : R] · bideg(R)?
9. Change of rings
Let ϕ : R→ S be a homomorphism of Cohen-Macaulay rings. We examine a few cases of the
relationship between cdeg(R) and cdeg(S) induced by ϕ. We skip polynomial, power series
and completion since flatness makes it straightforward.
Finite extensions. If R→ S is a finite injective homomorphism of Cohen-Macaulay rings and
C is a canonical ideal of R, then D = Hom(S, C) is a canonical module for S, according to [6,
Theorem 3.3.7]. Recall how S acts on D: If f ∈ D and a, b ∈ S, then a · f(b) = f(ab).
Augmented rings. A case in point is that of the so-called augmented extensions. Let (R,m)
be an 1-dimensional Cohen-Macaulay local ring with a canonical ideal. Assume that R is not
a valuation domain. Suppose A is the augmented ring R ⋉m. That is, A = R⊕ mǫ, ǫ2 = 0.
[Just to keep the components apart in computations we use ǫ as a place holder.]
Let (c) be a minimal reduction of the canonical ideal C. We may assume that C ⊂ m2 by
replacing C by cC if necessary. Then a canonical module D of A is D = HomR(A, C). Let us
identify D to an ideal of A. For this we follow [18].
Let R be a commutative ring with total quotient ring Q and let F denote the set of R-
submodules of Q. Let M,K ∈ F . Let M∨ = HomR(M,K) and let
A = R⋉M
denote the idealization of M over R. Then the R-module M∨ ⊕ K becomes an A-module
under the action
(a,m) ◦ (f, x) = (af, f(m) + ax),
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where (a,m) ∈ A and (f, x) ∈M∨ ×K. We notice that the canonical homomorphism
ϕ : HomR(A,K)→M
∨ ×K
such that ϕ(f) = (f ◦ λ, f(1)) is an A-isomorphism, where τ : M → A, τ(m) = (0,m), and
that K :M ∈ F and (K : M)×K ⊆ Q⋉Q is an A-submodule of Q⋉Q, the idealization of Q
over itself. When Q·M = Q, identifying HomR(M,K) = K : M , we therefore have a natural
isomorphism
HomR(A,K) ∼= (K : M)×K
of A-modules.
Using this observation, setting K = C, M = m, we get the following
D = HomR(R⊕mǫ, C) = HomR(m, C)⊕ Cǫ = L+ Cǫ
because C :Q m = C :R m ⊂ C :Q C = R. Denote L = HomR(m, C). Then L ≃ C : m ⊂ m so
that D is an ideal of A.
Let us determine D∗∗. The total ring of fractions of A is Q⋉Qǫ. If (a, bǫ) ∈ Q⋉Qǫ is in
Hom(D,A) = Hom((C ⊕ Lǫ), (R⊕mǫ)),
then aC ⊂ R, aL ⊂ m and aC 6= R as R is not Gorenstein. Thus a ∈ C∗. On the other hand,
bC ⊂ m. Thus b ∈ C∗ and conversely. Thus
D∗ = C∗ ⊕ C∗.
Suppose (a, bǫ) ∈ D∗∗,
D∗∗ = Hom((C∗ ⊕ C∗ǫ), (R ⊕mǫ)).
Then aC∗ ⊂ R and C∗∗ 6= R. In turn bǫC∗ ⊂ mǫ and so b ∈ C∗∗, and conversely. Thus
D∗∗ = C∗∗ ⊕ C∗∗ǫ.
Let us summarize this calculation. This gives
D∗∗/D = C∗∗/C ⊕ C∗∗ǫ/Lǫ.
Proposition 9.1. Let (R,m) be a Cohen-Macaulay local ring with a canonical ideal and let
A = R⋉m. Then
bideg(A) = 2bideg(R) − 1.
In particular if R is a Goto ring then A is also a Goto ring.
By comparison, according to [18, Theorem 6.7], cdeg(A) = 2 cdeg(R) + 2, so that applying
to Example 5.4 we get
cdeg(A) = bideg(A) + 3.
Products. Let k be a field, and letA1,A2 be two finitely generated Cohen-Macaulay k-algebras.
Let us look at the canonical degrees of the product A = A1 ⊗k A2.
As a rule, if Bi,Ci are Ai-modules, we use the natural isomorphism
Hom(B1 ⊗B2,C1 ⊗C2) = HomA1⊗kA2(B1 ⊗k B2,C1 ⊗k C2),
which works out to be
HomA1(B1,C1)⊗k HomA2(B2,C2).
If Ai, i = 1, 2, are localizations [of fin gen k-algebras] then B is an appropriate localization.
[If mi are the maximal ideals of Ai, pick primes Mi in Bi and a prime B over both mi.] If Bi
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are finite Ai-modules and Fi are minimal resolutions over Ai [or over Si, a localization in the
next item], then F1 ⊗k F2 is a resolution whose entries lie in appropriate primes.
If Si → Ai, i = 1, 2, are presentations of Ai, S = S1⊗S2 → A1⊗A2 = A gives a presentation
of A and from it we gather the invariants [all ⊗ over k].
Proposition 9.2. Let Ai, i = 1, 2, be as above. Then
(1) A is Cohen-Macaulay
(2) C = C1 ⊗ C2, C
∗∗ = C∗∗1 ⊗ C
∗∗
2 , r(A) = r(A1) · r(A2)
(3) If (ci) is a minimal reduction of Ci, i = 1, 2, then (c) = (c1)⊗ (c2) is a minimal reduction
for C and
C/(c) = C1/(c1)⊗ C2 ⊕ C1 ⊗ C2/(c2),
C∗∗/C = C∗∗1 /C1 ⊗ C2 ⊕ C1 ⊗ C
∗∗
2 /C2,
cdeg(A) = cdeg(A1) · deg(A2) + deg(A1) · cdeg(A2),
bideg(A) = bideg(A1) · deg(A2) + deg(A1) · bideg(A2).
(4) If Ai is almost Gorenstein, that is cdeg(Ai) = r(Ai)− 1, then
cdeg(A) = (r1 − 1) · deg(A2) + deg(A1) · (r2 − 1).
Suppose further, A1 = A2, that is A is the square. Then
cdeg(A) = 2deg(A1)(r1 − 1).
In this case, A is almost Gorenstein if cdeg(A) = r21 − 1, that is
2 deg(A1) = r1 + 1.
Questions 9.3. (1) How to pass from bideg(A) of a graded algebra A to bideg(B) of one of
its Veronese subalgebras?
(2) If S is a finite injective extension of R, is bideg(S) ≤ [S : R] · bideg(R)?
Hyperplane sections. A desirable comparison is that between bideg(R) and bideg(R/(x) for
appropriate regular element x. [The so-called ‘Lefschetz type’ assertion.] We know that if C is
a canonical module for R then C/xC is a canonical module for R/(x) with the same number
of generators, so type is preserved under specialization. However C/xC may not be isomorphic
to an ideal of R/(x). Here is a case of good behavior. Suppose x is regular modulo C. Then
for the sequence
0→ C −→ R −→ R/C → 0,
we get the exact sequence
0→ C/xC −→ R/(x) −→ R/(C, x) → 0,
so the canonical module C/xC embeds in R/(x). We set S = R/(x) and D = (C, x)/(x) for
the image of C in S. We need to compare bideg(R) = deg(R/C)− deg(R/C∗∗) and bideg(S) =
deg(S/D)− deg(S/D∗∗).
We don’t know how to estimate the last term. We can choose x so that deg(R/C) =
deg(S/D), but need, for instance to show that C∗∗ maps into D∗∗. Let c be as in Proposition 5.3
and pick x so that c, x is a regular sequence. Set C1 = (c) : C, C2 = (c) : C1, D1 = (c) : D,
D2 = (c) : D1. We have C1D ⊂ (c)S and thus C1S ⊂ D1. This shows that D
∗∗ = (c) :S D1 ⊂
(c) :S C1, and thus D1C2 ⊂ (e) but not enough to show D2 ⊂ C2S.
A model for what we want to have is [18, Proposition 6.12] asserting that if C is equimultiple
then cdeg(R) ≤ cdeg(R/(x)). For bideg(R), in consistency with Conjecture 5.2, we have
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Conjecture 9.4. Under the conditions above, bideg(R) ≥ bideg(R/(x)).
Proposition 9.5. Let (R,m) be a Cohen–Macaulay local ring of dimension ≥ 2. If x ∈ m is a
regular element of R and C is a canonical ideal of R, then C/xC is a canonical ideal of R/xR
if and only if height (x, trace(C)) ≥ 2.
Proof. If C is a canonical module of R, C/xC is a canonical module of R/xR. We must show
that it is an ideal. For any minimal prime p of x Cp is an ideal which cannot contain its trace by
hypothesis by the height condition. It follows that Cp is principal and thus the localization Rp
is a Gorenstein ring. This implies that modulo x it is also Gorenstein, and thus its canonical
modulo is isomorphic to the ring. The converse is just a reversion of the steps. 
10. Monomial subrings
Let H be a finite subset of Z≥0, {0 = a0 < a1 < . . . < an}. For a field k we denote by R = k[H]
the subring of k[t] generated by the monomials tai . We assume that gcd(a1, . . . , an) = 1. We
also use the bracket notation H = 〈a1, a2, . . . , an〉 for the exponents. For reference we shall
use [14, p. 553] and [40, Section 8.7].
There are several integers playing roles in deriving properties of R, with the emphasis on
those that lead to the determination of bideg(R).
(1) There is an integer s such that tn ∈ R for all n ≥ s. The smallest such s is called the
conductor of H or of R, which we denote by c and tck[t] is the largest ideal of k[t] contained
in k[H]. c−1 is called the Frobenius number ofR and reads its multiplicity, c−1 = deg(R).
(2) For any integer a > 0, say a = c of H, the subring A = k[ta] provides for a Noether
normalization of R. This permits the passage of many properties A to R, and vice-versa.
R is a free A-module and taking into account the natural graded structure we can write
R =
m⊕
j=1
Atαj .
Note that s =
∑m
j=1 αj .
(3) How to read other invariants of R such as its canonical ideal C and red(C) and its canonical
degrees cdeg(R) and bideg(R)?
Monomial curves. Let R = k[ta, tb, tc], a < b < c, gcd(a, b, c) = 1. Assume R is not Goren-
stein, ω = (1, ts).
It would be helpful to have available descriptions of the canonical ideal and attached invari-
ants. Some of the information is available from the Frobenius equations:
xm11 − ym12zm13
ym21 − xm22zm23
zm31 − xm32ym33
which can be expressed as the 2× 2 minors of the matrix ([24])
ϕ =

 xa1 zc2zc1 yb2
yb1 xa2


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Calculating the canonical ideal and its bidual. Let R = A/P be a Cohen-Macaulay integral
domain and A a Gorenstein local ring. If codimP = g, ω = ExtgA(R,A) is a canonical module
for R. Since R is an integral domain, ω may be identified to an ideal of R. A canonical module
of R is obtained by deleting one row and a column according to the following comments and
mapping the remaining entries to R.
(1) Let L = (x1, . . . , xg) be a regular sequence contained in P . Then
ω = ExtgA(A/P,A) = HomA/L(A/P,A/L) = (L : P )/L.
The simplest case to apply this formula is when P = (L, f) so this becomes take
ω = (L : f)/L.
(2) Suppose P = I2(ϕ) is a prime ideal of codimension two where
ϕ =

 a1 c2c1 b2
b1 a2


We are going to argue that if the 2× 2 minors x1, x2,
x1 = a1a2 − b1c2
x2 = a1b2 − c1c2
that arise from keeping the first row form a regular sequence then for f = b1b2 − c1a2, we
have
(x1, x2) : f = (a1, c2).
With these choices we have
(L : f)/L ≃ (a1, c2, P )/P.
Indeed the nonvanishing mapping
ω = (L : f)/L 7→ R/P
of modules of rank one over the domain R/P must be an embedding.
Example 10.1. Let R = k[ta, tb, tc], b− a = c− b = d: Then b = a+ d, c = a+ 2d and
ϕ =

 x yzp xq
y z

 ,
Note p(a+2d)− qa = d from (p+1)(a+2d) = qa+(a+d) and (x, y) 7→ C = (ta, tb) = ta(1, td).
By Proposition 5.3 we have (x) : (x, y) = (x, y, zp),
(x) : (x, y) = (x, y, zp),
C∗∗ = (x) : (x, y, zp) = (x, z, y),
bideg(R) = λ(R/C) − λ(R/C∗∗) = λ(R/(x, y)) − λ(R/(x, y, z)) = p− 1.
Proposition 10.2. Let R = k[ta, tb, tc] be a monomial ring and denote by ϕ its Herzog matrix
ϕ =

 xa1 zc2zc1 yb2
yb1 xa2

 .
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Then
bideg(R) = a1 · b2 · c2.
Proof. From ϕ we take C = (xa1 , zc2), where harmlessly we chose a1 ≤ a2. Then
(xa1) : (xa1 , zc2) = (xa1 , zc1 , yb1),
C∗∗ = (xa1) : (xa1 , yb1 , zc1) = (xa1 , yb2 , zc2),
bideg(R) = λ(R/C)− λ(R/C∗∗) = λ(R/(xa1 , zc2))− λ(R/(xa1 , yb1 , zc2)).
and since
(xa1 , zc2) = (xa1 , yb1yb2 , zc2)
we have
bideg(R) = a1 · (b1 + b2) · c2 − a1 · b1 · c2
= a1 · b2 · c2.

Remark 10.3. For the monomial algebra R = k[ta, tb, tc] The value of bideg(R) is also
calculated in [25, Proposition 7.9]. According to [20, Theorem 4.1], cdeg(R) = a2 · b2 · c2,
which supports the Comparison Conjecture 5.2.
11. Rees algebras
Let R be Cohen-Macaulay local ring and I an ideal such that the Rees algebra S = R[It] is
Cohen-Macaulay. We consider a few classes of such algebras. We denote by C a canonical ideal
of R and set G = grI(R).
Rees algebras with expected canonical modules. (See [28] for details.) This means ωS = ωR(1, t)
m,
for some m ≥ −1. This will be the case when G = grI(R) is Gorenstein ([28, Theorem 2.4,
Corollary 2.5]). We actually assume I of codimension at least 2. We first consider the case
C = R. Set D = (1, t)m, pick a is a regular element in I and its initial form a is regular on G,
finally replace D by amD ⊂ S.
Proposition 11.1. Let R be a Gorenstein local ring, I an ideal of codimension at least two
and S its Rees algebra. If the canonical module of S has the expected form then S is Gorenstein
in codimension less than codim(I), in particular bideg(S) = 0.
Proof. It is a calculation in [28, p. 294] that S : (1, t)m = ImS. It follows that
(Im, Imt) ⊂ ImS · (1, t)m.
Since codim(Im, (It)m) = codim(I, It) = codim(I) + 1, the assertion follows. Note that this
implies that ωS is free in codimension one and therefore it is reflexive by a standard argument.
Finally by Proposition 5.1, bideg(S) = 0, and therefore that cdeg(S) = 0. 
Remark 11.2. How about the general case, when R is not Gorenstein? Let us see whether
we can argue these points directly.
(1) amS : ImS = (a, at)m: S ∩ amS : SIm+1∩
amIS : Im+1S = (amI + amI2t+ · · ·+ amIi+1 + · · · ) :S I
m = ImS.
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(2) Let us calculate bideg(S) = deg(S/D)− deg(S/D∗∗):
deg(S/Im−1S) =
i=m−1∑
i=0
deg(IiS/Ii+1S) = m deg(G).
(3) According to [28], ai(1, t)i is a Cohen-Macaulay ideal for 0 ≤ i ≤ m. We also have that
S = S/a(1, t) = R[It], where R = R/aR, I = I/aR.
(4) The ideal J = a(1, t) is free in codimension 1: (a, at)m · (a, at)−m = (1, t)m ·ImS is an ideal
of codimension 2. Therefore for all i ≥ 0, deg(J i/J i+1) = deg(S/J).
(5) From deg(S/am(1, t)m):
deg(S/a(1, t)) + deg(a(1, t)/a2(1, t)2) + · · ·+ deg(am−1(1, t)m−1/am(1, t)m).
(6) We get deg(S/D) = m deg(S).
Rees algebras of minimal multiplicity. Let (R,m) be a Cohen-Macaulay local ring, I an m-
primary ideal, and J a minimal reduction of I with I2 = JI. From the exact sequence
0→ IR[Jt]→ R[J ]→ R[Jt]/IR[Jt] = grJ(R) ⊗R R/I → 0,
with the middle and right terms being Cohen-Macaulay, we have that IR[Jt] = IR[It] is
Cohen-Macaulay. With grI(R) Cohen-Macaulay and I an ideal of reduction number at most
1, we have if dimR > 1 then R[It] is Cohen-Macaulay. A source of these ideals arises from
irreducible ideals in Gorenstein rings such as I = J : m, where J is a parameter ideal.
Let S0 = R[Jt] and S = R + ItS0. If R is Gorenstein, then the canonical module of S0 is
ωS0 = (1, t)
d−2S0 and by the change of rings formula, we have
ωS = HomS0(S, (1, t)
d−2S0) = (1, t)
d−2S0 : S.
If d = 2, then the canonical module ωS is the conductor of S relative to S0. In the case mS0
is a prime ideal of S0, so the conductor could not be larger as it would have grade at least two
and then S = S0: ωS = mS0. If d > 2, then m(1, t)
d−2S0 will work.
Note that S0 is Gorenstein in codimension 1. If P is such prime and P ∩ R = q 6= m,
then (S0)q = Sq, so SP = (S0)P is Gorenstein in codimension 1. Thus we may assume
P ∩ R = m, so that P = mS0. For SP to be Gorenstein would mean Hom(S, S0) ≃ S at
P , that is (S0 : S)P is a principal ideal of SP (see next Example). From [6, Theorem 3.3.7],
D = Hom(S, S0) = mS0 = mS. Thus deg(S/D) = 2 and since D
∗∗ 6= D, deg(S/D∗∗) = 1. It
follows that bideg(S) = 1.
Example 11.3. Let R = k[x, y], and I = (x3, x2y2, y3). Then for the reduction Q = (x3, y3),
we have I2 = QI. The Rees algebra S = R[It] = k[x, y, u, v, w]/L, where L = (x2u−xv, y2w−
yv, v2 − xyuw) is given by the 2× 2 minors of ϕ =

 v xwyu v
x y

 , whose content is (x, y, v). It
follows that S is not Gorenstein in codimension 1 as it would require a content of codimension
at least four. Indeed, setting A = k[x, y, u, v, w], a projective resolution of S over A is defined
by the mapping ϕ : A2 → A3 which dualizing gives
C = Ext2A(A/L,A) = Ext
1
A(L,A) = coker(ϕ
∗).
It follows that C is minimally generated by two elements at the localizations of A that contain
(x, y, v).
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Rees algebras of ideals with the expected defining relations. Let I be an ideal of the Cohen-
Macaulay local ring (R,m) [or a polynomial ring R = k[t1, . . . , td] over the field k] with a
presentation
Rm
ϕ
−→ Rn −→ I = (b1, . . . , bn)→ 0.
Assume that codim(I) ≥ 1 and that the entries of ϕ lie in m. Denote by L its ideal of relations
0→ L −→ S = R[T1, . . . ,Tn]
ψ
−→ R[It]→ 0, Ti 7→ bit.
L is a graded ideal of S and its component in degree 1 is generated by the m linear forms
f = [f1, . . . , fm] = [T1, . . . ,Tn] · ϕ.
Sylvester forms. Let f = {f1, . . . , fs} be a set of polynomials in L ⊂ S = R[T1, . . . ,Tn] and
let a = {a1, . . . , as} ⊂ R. If fi ∈ (a)S for all i, we can write
f = [f1, . . . , fs] = [a1, . . . , aq] ·A = a ·A,
where A is an s× q matrix with entries in S. We call (a) a R-content of f . Since a 6⊂ L, then
the s× s minors of A lie in L. By an abuse of terminology, we refer to such determinants as
Sylvester forms, or the Jacobian duals, of f relative to a. If a = I1(ϕ), we write A = B(ϕ),
and call it the Jacobian dual of ϕ. Note that if ϕ is a matrix with linear entries in the variables
x1, . . . , xd, then B(ϕ) is a matrix with linear entries in the variables T1, . . . ,Tn.
Definition 11.4. Let I = (b1, . . . , bn) be an ideal with a presentation as above and let =
a(a1, . . . , as) = I1(ϕ). The Rees algebra R[It] has the expected relations if
L = (T · ϕ, Is(B(ϕ))).
There will be numerous restrictions to ensure that R[It] is a Cohen-Macaulay ring and that
it is amenable to the determination of its canonical degrees. We consider some special cases
grounded on [31, Theorem 1.3] and [36, Theorem 2.7]
Theorem 11.5. Let R = k[x1, . . . , xd] be a polynomial ring over an infinite field, let I be
a perfect R-ideal of grade 2 with a linear presentation matrix ϕ, assume that ν(I) > d and
that I satisfies Gd (meaning ν(Ip) ≤ dimRp on the punctured spectrum). Then ℓ(I) = d;
r(I) = ℓ(I)− 1; R[It] is Cohen-Macaulay, and L = (T · ϕ, Id(B(ϕ))).
The canonical ideal of these rings is described in [36, Theorem 2.7] (for g = 2)
Proposition 11.6. Let I be an ideal of codimension two satisfying the assumptions of Theo-
rem 11.5. Then bideg(R[It]) 6= 0 and similarly cdeg(R[It]) 6= 0.
Proof. Let J be a minimal reduction of I and set K = J : I. Then C = KtR[It] is a canonical
ideal of R[It] by [36, Theorem 2.7]. Let a be a regular element of K. Then
(a) : C =
∑
Lit
i ⊂ R[It], and bti ∈ Li if and only if bKI
j ⊂ aIi+j.
Thus for b ∈ L0, b ·K ⊂ (a) so b = r · a since codim(K) ≥ 2. Hence L0 = (a). For bt ∈ L1,
bK ⊂ aI, b = ra with r ∈ I : K. As rKI ⊂ I2, we have L1 = a(I : K)t. For i ≥ 2, b ∈ Li,
we have b = rati with rK ⊂ Ii. Hence Li = a(I
i : K)ti. In general we have Li = a(I
i : K)ti.
Therefore, we have
(a) : C = a(R+ (I : K)t+ (I2 : K)t2 + · · · ),
C∗∗ = (a) : ((a) : C) =
∑
j
Ljt
j = R[It] : (R+ (I : K)t+ (I2 : K)t2 + · · · ).
CANONICAL DEGREES OF COHEN-MACAULAY RINGS AND MODULES: A SURVEY 27
For b ∈ L0 and i ≥ 1, b(I
i : K) ⊂ Ii and thus b ∈
⋂
i I
i : (Ii : K) = L0. In general it is
clear that KIi ⊂ Li. Note that L0 = R : (R : K) = R. It follows that C 6= C
∗∗ and hence
bideg(R[It]) 6= 0. Recall that the vanishing of either of the functions cdeg or bideg holds if
and only if the ring is Gorenstein in codimension 1. Therefore cdeg(R[It]) 6= 0. 
12. Canonical degrees of A = m : m
Let (R,m) be a CM local ring of dimension 1, and set A = Hom(m,m) = m :Q m. Assume
that R is not a DVR. Let C be its canonical ideal. (We can also discuss some of the same
questions by replacing m by a prime ideal p such that Rp is not a DVR.)
General properties. We begin by collecting elementary data on A.
(1) A = m : m ⊂ R : m and since m · (R : m) 6= R [as otherwise m is principal] R : m = A.
(2) If R is a Cohen-Macaulay local ring of dimension one that is not a DVR, then A = R : m
as m · Hom(m,R) ⊂ m and therefore
A = m :Q m = R :Q m = 1/x · ((x) :R m).
Indeed, if q ∈ m :Q m and x is a regular element of m, let a = qx ∈ m. Then q = (1/x)a
and
am = qxm = xqm ⊂ xm.
Thus A = (1/x)((x) : m), which makes A amenable by calculation using software such as
Macaulay2 ([23]).
(3) A relevant point is to know when A is a local ring. Let us briefly consider some cases. Let
L be an ideal of the local ring R and suppose L = I ⊕ J , L = I + J , I ∩ J = 0, is a non-
trivial decomposition. Then I · (J : I) = 0 and J · (J : I) = 0 and thus if grade(I, J) = 1
[maximum possible by the Abhyankar–Hartshorne Lemma], then I : J = 0. It follows that
Hom(L,L) = Hom(I, I) ×Hom(J, J),
and therefore Hom(L,L) is not a local ring.
(4) SupposeR is complete, or at least Henselian. If A is not a local ring, by the Krull-Schmidt
Theorem A admit a non-trivial decomposition of R-algebras
A = B×C.
Since m = mA, we have a decomposition m = mB ⊕ mC. If we preclude such decompo-
sitions then A is a local ring. Among these cases are: analytically irreducible rings, in
particular they include the localization of any monomial ring.
Number of generators of A.
(1) Since m is an ideal of both R and A, R : A = m. Thus A/R ≃ (R/m)n = kn. The exact
sequence
0→ R −→ A −→ kn → 0,
yields
0→ R/m −→ A/m = A/mA −→ kn → 0,
gives ν(A) = n+ 1 since R 6⊂ mA = m.
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(2) D = C : A is the canonical ideal of A, according to [6, Theorem 3.3.7]. Applying Hom(·, C)
to the exact sequence above we get
0→ D −→ C −→ Ext1(kn, C) ≃ kn → 0.
Thus C/D ≃ kn and mC ⊂ D. As
0→ mC −→ C −→ kr → 0
D/mC ≃ kr−n.
Theorem 12.1. Let (R,m) be a Cohen-Macaulay local ring of dimension one and type r(R) =
r. Then
A = Hom(m,m) = m :Q m = x
−1 · ((x) : R)
for any regular element x ∈ m. Furthemore
νR(A) = r + 1.
Proof. Since A = x−1((x) : m) for any regular element of m, we have
A = 1/x · ((x) : m), which gives ν(A) = λ((x) : m) and since
((x) : m)/xR ≃ kr
then
r ≤ ν((x) : m) ≤ r + 1.
Writing (x) : m = (x, y1, . . . , yr), n = r − 1 would mean that x is not a minimal generator
of (x) : m, so
x ∈ m((x) :R m).
In particular x ∈ m2. If you preclude this with an initial choice of x ∈ m \m2, we would have
r = n always.

Corollary 12.2. If (R,m) is a local ring and C is the canonical ideal, resp. module, of R then
D = mC is the canonical ideal, resp. module, of A.
Canonical invariants of A. The driving questions are what are r(A), cdegA and bideg(A) in
relation to the invariants of R. Our main calculation is the following result:
Theorem 12.3. Suppose (A,M) is a local ring. Then
cdeg(A) = e−1[cdeg(R) + e0(m)− 2r].
Proof. The equality n = r means that D = mC. In particular if (c) is a minimal reduction of
C and (x) is a minimal reduction of m then (cx) is a minimal reduction of D. This gives that
if [e = A/M : R/m] is the relative degree then
e0(D,A) = e
−1 · λR(A/xcA) = e
−1[λR(A/xA) + λR(xA/xcA)]
= e−1 · [λR(R/xR) + λR(R/cR)]
= e−1[e0(C) + e0(m)].
On the other hand
λA(A/D) = e
−1 · λR(A/mC) = e
−1 · [λR(A/R) + λR(R/C) + λR(C/mC)]
= e−1 · [2r + λR(R/C)].
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These equalities give
cdeg(A) = e−1 · [e0(C)− λR(R/C) + e0(m)− 2r] = e
−1[cdeg(R) + e0(m)− 2r],
as desired. 
Corollary 12.4. A is a Gorenstein ring if and only if
cdeg(R) + e0(m)− 2r = 0.
In particular mC = Az, so m and CA are principal ideals of A.
Remark 12.5. If m is a maximal ideal but A is semilocal with maximal ideals {M1, . . . ,Ms},
we can still obtain a formula for cdeg(A) as a summation of the cdeg(AMi), as
cdeg(A) =
∑
i
cdeg(AMi) = [cdeg(R) + e0(m)− 2r] · (
∑
i
e−1i ).
Example 12.6. Let (R,m) be a Stanley-Reisner ring of dimension one. IfR = k[x1, . . . , xn]/L,
L is generated by all the binomials xixj , i 6= j. Note that m = (x1)⊕ · · · ⊕ (xn) and since for
i 6= j the annihilator of Hom((xi), (xj)) has grade positive, the observations above show that
A = Hom(m,m) = Hom((x1), (x1))× · · · ×Hom((xn), (xn)) = k[x1]× · · · × k[xn].
To determine cdeg(R), we already have that e0(m) = n so let us calculate r = r(R). The
Hilbert series of R is easily seen to be
1 + (n− 1)t
1− t
,
so r = n− 1, which yields
cdeg(R) = 2r − e0(m) = 2(n − 1)− n = n− 2 = r − 1.
Thus R is almost Gorenstein ([18, Theorem 5.2]). This also follows from [20, Theorem 5.1].
Some of this argument applies in higher dimension. For instance:
If R = k[x1, . . . , xn]/L is an unmixed Stanley-Reiner ring, L =
⋂
1≤i≤s Pi is an irreducible
representation then the natural mapping
R 7→
∏
1≤i≤s
k[x1, · · · , xn]/Pi
gives an embedding of R into its integral closure. Note that each factor is a polynomial ring
of the same dimension as R.
Let us determine other invariants of A:
Corollary 12.7. For A as above
(1) The type of A is
r(A) = νA(D) = e
−1νR(D) = e
−1νR(mC) = e
−1λ(mC/m2C).
(2) For A to be AGL requires
cdeg(A) = r(A)− 1 = e−1λ(mC/m2C)− 1 = e−1[cdeg(R) + e0(m)− 2r].
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Additional invariants.
(1) Next we would like to calculate under the same conditions
bideg(A) = λA(A/D)− λA(A/D
∗∗).
The first term is as above
λA(A/D) = 1/e · [2r + λ(R/C)].
(2) We need D∗∗ or D · D∗. We must pick an element x ∈ D.
(3) Since A = x−1((x) : m) and D = mCA
A : m =?
D∗ = [A : m] : C =
D∗ · D = [[A : m] : C] · Cm =
D∗ = A : D = x−1((x) : m) : mC = x−1[(x) : m) : m] : C
(4) Would like at least to argue that
cdeg(R) ≥ bideg(R) =⇒ cdeg(A) ≥ bideg(A).
Example 12.8. We return to the ring R = Q[t5, t7, t9],m = (x, y, z). We have a presentation
R = Q[x, y, z]/P , with P = (y2 − xz, x5 − yz2, z3 − x4y). Let us examine some properties of
R and A = m : m.
(1) The canonical module is C = (x, y), and a minimal reduction (c) = (x). It gives red(C) = 4.
(2) (c) : C 6= m so R is not almost Gorenstein. However C∗∗ = (c) : [(c) : C] satisfies [by
another Macaulay2 calculation] λ(C∗∗/C) = 1, so C∗∗ = L. This shows that
bideg(R) = λ(C∗∗/C) = 1 and cdeg(R) = λ(C/(c)) = 2.
(3) Since e0(m) = 5, r = 2 and e = 1, we have
cdeg(A) = 2− 4 + 5 = 3.
(4) red(D) = red(mC) = 2. Note that (x) is a minimal reduction of both C and m.
(5) To calculate D∗∗ we change C to xC. We then get λ(A/D) = 11 and λ(A/D∗∗) = 9, and
so bideg(A) = λ(A/D)− λ(A/D∗∗) = 2.
13. Effective computation of bi-canonical degrees
A basic question is how to calculate canonical degrees. We will propose an approach that
applies to the bi–canonical degree and suggests an extension to rings when the canonical
module C is not an ideal.
Definition 13.1. LetR be a Cohen-Macaulay local ring and C one canonical module. Consider
the natural mapping
0→ E0 −→ C −→ C
∗∗ −→ E1 → 0,
define
bidegC(R) = deg(E1) + deg(E0).
The primary setting of our calculations is the following construction of Auslander [2].
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Definition 13.2. Let E be a finitely generated R-module with a projective presentation
F1
ϕ
−→ F0 −→ E → 0.
The Auslander dual of E is the module D(E) = coker(ϕ∗),
0→ E∗ −→ F ∗0
ϕ∗
−→ F ∗1 −→ D(E)→ 0.(1)
The module D(E) depends on the chosen presentation but it is unique up to projective
summands. In particular the values of the functors ExtiR(D(E), ·) and Tor
R
i (D(E), ·), for
i ≥ 1, are independent of the presentation. Its use here lies in the following result (see [2,
Proposition 2.6]):
Proposition 13.3. Let R be a Noetherian ring and E a finitely generated R-module. There
are two exact sequences of functors:
0→ Ext1R(D(E), ·) −→ E ⊗R · −→ HomR(E
∗, ·) −→ Ext2R(D(E), ·)→ 0(2)
0→ TorR2 (D(E), ·) −→ E
∗ ⊗R · −→ HomR(E, ·) −→ Tor
R
1 (D(E), ·)→ 0.(3)
Corollary 13.4. Let R be a Cohen-Macaulay local ring and C one of its canonical modules.
If D(C) is the Auslander dual of C,
E0 = Ext
1
R(D(C),R), E1 = Ext
2
R(D(C),R).
Now we give a presentation of D(C) in an important case suitable for computation.
Remark 13.5. Recall that to calculate ExtiR(M,N) we invoke the command Ext
i(f, g) where
f and g are the presentations of M and N , respectively.
Theorem 13.6. Let S be a Gorenstein local ring and R = S/I a Cohen-Macaulay ring with
a with minimal projective resolution
0→ Sp
ϕ
−→ Sm −→ · · · −→ Sn
f
−→ S −→ R = S/I → 0.
Then
C = coker(ϕ∗ ⊗R),
D(C) = coker(ϕ⊗R),
and therefore
bideg(R) = deg(Ext1R(ϕ⊗R,R)) + deg(Ext
2
R(ϕ⊗R,R)) .
Furthermore, C is an ideal if and only if height (Ip−1(ϕ)) ≥ p+ 1.
Example 13.7. Consider the ring R = S/I, where S is a Gorenstein local ring and I is a
Cohen-Macaulay ideal given by a minimal resolution
0→ Sn−1
ϕ
−→ Sn −→ S −→ R→ 0.
This gives
0→ S −→ Sn
ϕ∗
−→ Sn−1 −→ C → 0
where C is the canonical module of R. We get the exact complexes
Rn
ϕ¯∗
−→ Rn−1 −→ C → 0,
0→ C∗ −→ Rn−1
ϕ¯
−→ Rn −→ D(C)→ 0.
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(1) In general we have that C is an ideal if and only codim (In−2(ϕ)) ≥ 3. For instance if
ϕ =
[
x yz xz
y2 zx xy
]
I = I2(ϕ) = (x
2z − y3z, x2y − xy2z, x2z2 − xy2z)
but I1(ϕ) has codimension 2 so C is not an ideal.
(2) Setting Z = ker(ϕ) we have the exact sequences
0→ C∗ −→ R2 −→ Hom(Z,R) −→ Ext1S(C,R)→ 0
0→ Hom(Z,R) −→ R3 −→ R −→ Ext1S(Z,R) = Ext
2
S(C,R)→ 0.
For the homogeneous ring defined by
ϕ =
[
x2 yz xz
y2 zx xy
]
,
we found deg(E0) = 1 and deg(E1) = 6, so bideg(R) = 7.
Notes and Questions.
(1) D(C) is fed into the Ext calculation to determine E0, E1. We only did homogeneous
calculations.
(2) Would like some very explicit formulas. For instance suppose I has type 2 and C is an
ideal
0→ S2
ϕ
−→ S3 −→ I → 0.
Then height I2(ϕ) = 3. We have C = coker(ϕ
t) = Hn−2(K). This is to be completed
and extended to all strongly Cohen-Macaulay ideals.
(3) In our calculations, we asked also for dim(E0), dim(E1) besides deg(E0), deg(E1).
(4) We would like to verify that if E0 6= 0 then dimE0 = dimE1.
(5) What are the properties of bidegC(R)?
(6) If E0 = 0, E1 = C
∗∗/C and it is either 0 or Cohen-Macaulay of dimension d− 1.
(7) If E0 6= 0 it must have the same dimension as C [which is a MCM], that is d. We guess
that E1 has also dimension d. If dimE1 < d, localizing at one prime not in the support
get a case with E0 6= 0 but E1 = 0.
(8) What if C is reflexive?
• Let Rm −→ C∗ → 0, then we have 0 → C∗∗ −→ Rm. If C is reflexive it will then
embed in Rm.
• Suppose R has dimension ≤ 1. Localizing at a regular element we get Cx splits off
Qm since it is an injective Q-module (in fact its injective envelope). Thus Cx splits off
a free module.
• From Hom(Cx, Cx) = Q we get that Cx = Q. Thus Cx is an ideal of Q and therefore C
is an ideal of R.
• If C is reflexive, in dimension one by an earlier criterion R is Gorenstein.
Corollary 13.8. E0 = 0 if and only if C is an ideal.
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Now must examine the vanishing of E1. Consider
0→ H −→ C ⊗ C∗ −→ trace(C) = L ⊂ R
We have
0→ Hom(L, C) −→ Hom(C,R) −→ Hom(H, C)→ 0.
14. Other generalizations
Let R be a Noetherian local ring and M a finitely generated MCM R-module. We would like
to define a bicanonical degree bideg(M) with properties similar to bideg(R).
(1) One of these is bideg(M) = 0 if and only if M is a Gorenstein module in codimension 1.
A Gorenstein module is a maximal Cohen-Macaulay module of finite injective dimension.
(2) We should be careful here: m is a bidual but not always principal. This shows the need
for additional restrictions.
(3) In Proposition 15.2 we give a class of rings and ideals with the required conditions.
(4) Let M be a MCM module and set L = Hom(M, C). In analogy of the case above set
0→ E0 −→ L −→ L
∗∗ −→ E1 → 0,
and define
bideg(M) = deg(E0) + deg(E1).
If C is an ideal then E0 = 0. Here we would like to show that if bideg(M) = 0 then M
is Gorenstein in codimension one. This should mean L is free. The usual approach is set
A = Hom(L,L) and consider the natural mapping
ϕ : L⊗ L∗ −→ Hom(L,L) = A.
The image τ of ϕ is the ideal of A of the endomorphisms of L that factor thru projectives.
We would like to see whether a version of Proposition 2.3 works here, that is
Proposition 14.1. Let R be Cohen-Macaulay local ring of dimension 1 with a canonical ideal
C. If M is torsionless, that is a submodule of a free module, then
bideg(M) = λ(A/τ),
where τ is the trace of M .
Proof. We will show that
λ(L∗∗/L) = λ(A/τ).
From the exact sequence
0→ K −→ L⊗ L∗ −→ τ → 0
we have that K has finite support and therefore
Hom(τ, C) = Hom(L⊗ L∗, C) = Hom(L,Hom(L∗, C)) = Hom(L,Hom(Hom(L,R), C))
From trace(C) = C · C∗, we have
Hom(trace(C), C) = Hom(C · C∗, C) = Hom(C∗,Hom(C, C)) = C∗∗.
Now dualize the exact sequence
0→ trace(C) −→ R −→ R/trace(C)→ 0,
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into C to obtain
0 = Hom(R/trace(C), C)→ C = Hom(R, C)→ C∗∗ = Hom(trace(C), C)→ Ext1(R/trace(C), C)→ 0,
which shows that C∗∗/C and Ext1(R/trace(C), C) are isomorphic. Since by local duality
Ext1(·, C) is self-dualizing on modules of finite support, bideg(R) = λ(R/trace(C)). 
15. Precanonical Ideals
Let I be an ideal of the Cohen-Macaulay local ring R. To attach a degree to I with properties
that mimic bideg(R) we would want it to satisfy three properties:
(1) I is closed, that is Hom(I, I) = R.
(2) If I is principal then R is Gorenstein, at least in codimension one.
(3) If I is reflexive then I is principal.
This could be used to define: bidegI(R) = deg(I
∗∗/I). For a class I of such ideals, a question
is when this degree is independent of I, for non-principal ideals.
(1) Of course the issue is to know what the conditions above mean. A promising case to
consider it that of semidualizing ideals/modules. These modules arose in several sources.
In [37] a class of modules, termed spherical were introduced by conditions akin to canonical
modules: the closedness HomR(D,D) = R and the rigidity conditions Ext
i(D,D) = 0,
i ≥ 1. See [7, 8] .
We want to consider the question: If D is such ideal and it is reflexive, is it principal in
codimension 1? This would be a generalization of [26, Corollary 7.29]. In [37, p. 109] a
presumed proof is not clear, but see [30, Lemma 2.9].
(2) Another path is to consider is
deg(I/(c)),
where c is some distinguished element of I.
Question 15.1. Where to find semidualizing modules? How are the semidualizing modules
of R, A = m : m and B = R⋉m related?
Here is a teaser:
Proposition 15.2. Let R be a local ring of dimension one and finite integral closure, and let
I be a closed ideal. If I is reflexive then I is principal.
Proof. From trace(I) = L = I · I∗, we have
Hom(trace(I),R) = Hom(I·I∗,R) = Hom(I⊗I∗,R) = Hom(I,Hom(I∗,R)) = Hom(I, I) = R,
and thus L∗∗ = Rx. If x is a unit L∗ = R and therefore has height greater than one, which is
not possible. Thus we have L =Mx, where M ⊂ m. Since L∗∗ = Rx is integral over L =Mx
([10, Proposition 2.14]), we have for some positive integer n
Rxn =MxRxn−1,
and thus R =M , which is a contradiction. 
Better see [30, Lemma 2.9].
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Almost semidualizing ideals.
Theorem 15.3. Let (R,m) be a one-dimensional Cohen-Macaulay local ring that has a canon-
ical ideal and S is an m-primary ideal such that
(1) Hom(S, S) = R, and
(2) Ext1(S, S) = 0.
If c ∈ S is such that S/(c) ≃ (R/m)n, for some n, then S is a canonical ideal.
Proof. Consider the exact sequence of natural maps
0→ (c) −→ S −→ V → 0.
Suppose V = kn. Applying Hom(·, S) we get
0→ R −→ c−1S −→ Ext1(V, S) = Ext1(k, S)n = Hom(k, S/cS)n −→ Ext1(S, S) = 0.
Thus Hom(k, S/cS) = k. Since R/S ≃ (c)/cS embeds in S/cS, the socle of R/S is R/m, so S
is an irreducible ideal.
The assertion would hold for xS for any regular element of R. We now invoke Corolary 5.6.

Comments:
(1) The ideals with these two conditions include the semidualizing ones. Theorem 15.3 asserts
that the almost Gorenstein rings of Goto ([20, 22]) can only occur when S is a canonical
ideal.
(2) What other interesting modules occur as V = S/(s)? We are going to assume that S is
Cohen-Macaulay of codimension one and s is a regular element, in particular V is a Cohen-
Macaulay module. We will also assume that S is closed. It always leads to V = Ext1(V, S).
(3) Maybe closed plus Ext1(S, S) = 0 could be called strongly closed, or perhaps 1-closed...
then those ∞-closed would be the semidualizing ideals.
(4) Suppose S is 2-closed and V = T n with T = R/m2.
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